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Abstract
Let (A;M) be a local Cohen{Macaulay ring of dimension d: Let I be an M-primary ideal and
let J be the ideal generated by a maximal supercial sequence for I . Under these assumptions
Valabrega and Valla (Nogoya Math. J. 72 (1978) 93{101) proved that the associated graded
ring G of I is Cohen{Macaulay if and only if I n \ J = JIn−1 for every integer n. In this paper
we consider the class of the M-primary ideals I such that, for some positive integer k; we
have I n \ J = JIn−1 for n k and (I k+1=JI k) 1: In this case G need not be Cohen{Macaulay.
In Theorem 2.2. we show that G is Cohen{Macaulay unless the ideals we are considering are
of maximal Cohen{Macaulay type. One can use the ideas of Rossi and Valla (Comm. Algebra
24(13) (1996) 4249{4261; Pure Appl. Algebra 122 (1997) 293{311) to prove that, for the ideals
we consider, the depth of G is at least d− 1 and that its h-vector has no negative components.
We characterize the possible Hilbert function of G: Our approach gives proof of an extended
version of a conjecture of Sally (proved in Rossi and Valla (Comm. Algebra 24(13) (1996)
4249{4261)) and independently in Wang (J. Algebra 190 (1997) 226{240) in the case I =M).
Several results proved in Huckaba (Comm. Algebra, to appear), Rossi and Valla (Nogoya
Math. J. 110 (1988) 81{111; Comm. Algebra 24(13) (1996) 4249{4261; J. Pure Appl. Algebra
122 (1997) 293{311) and Sally (J. Algebra 83 (1983) 325{333) are unied and generalized.
c© 2000 Elsevier Science B.V. All rights reserved.
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0. Introduction
Let (A;M) be a local Cohen{Macaulay ring of dimension d and let I be an
M-primary ideal. We denote the associated graded ring of I by
G := grI (A)=
M
n0
I n=I n+1:
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In the literature there are several papers which discuss the depth of the associated
graded ring in terms of certain numerical invariants of I:
If J is an ideal generated by a maximal supercial sequence for I; then Valabrega
and Valla in [19] proved that G is Cohen{Macaulay if and only if I n \ J = JIn−1 for
every integer n. If this is the case one says that J is generated by a standard base
(see [11]).
In this paper we consider the M-primary ideals such that, for some integer k;
I n \ J = JIn−1 for n k: A primary ideal which satises this condition for some inte-
ger k is called k-standard. It is clear that if I is k-standard and I k+1 = JI k then, by
Valabrega{Valla's condition, G is Cohen{Macaulay. It is natural to consider the k-
standard ideals I such that (I k+1=JI k)= 1; where ( ) denote the length as A-module.
In this case G is not necessarily Cohen{Macaulay.
For example, if we consider the M-primary ideals I of multiplicity
e(I)= (I=I 2) + (1− d)(A=I) + 1;
then (I 2=JI)= 1 and we are in the above situation for k =1:
In this case, if I =M; Sally proved that G is Cohen{Macaulay unless the local rings
of maximal type (see [18]). If this is the case, in [13] and, with a dierent method,
in [20] it was proved that depthGd− 1: The question about depthG was still open
for a general M-primary ideal. Corollaries 2.3 and 3.8 give a complete answer to this
problem.
By following the method used in [13], Huckaba proved that if I2 \ J = JI and
(I 3=JI 2) 1; then depthGd − 1 (see [7]). In particular, the author gives a posi-
tive answer to the Sally conjecture for an M-primary ideal in the integrally closed
case. In this case I is 2-standard.
If (A;M) is a Cohen{Macaulay local ring of embedding dimension N; multiplicity
e and initial degree t 2; it is well known that
e

N − d+ t − 1
t − 1

and, if the equality holds, then G is Cohen{Macaulay.
If e=
(N−d+t−1
t−1

+1; then I n \ J = JIn−1 for every n t and (I t=JI t−1)= 1: In this
case I is t-standard. Once more, it is known that depthGd − 1 [14] and, if the
Cohen{Macaulay type of A is not maximal, then G is Cohen{Macaulay [12].
In this paper in order to extend the above facts, we consider the M-primary ideals
which are k-standard for some integer k: If (I k+1=JI k) 1; we study the depth of the
associated graded ring and the Hilbert function of I:
We denote by (I) the Cohen{Macaulay-type of I; which is dened as
(I) := (J : I=J ):
One remarks that if I =M; then (I) coincides with the Cohen{Macaulay-type of A:
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In Theorem 2.2 we give a condition in terms of (I) in order to get G Cohen{
Macaulay. In any case in Theorem 3.2 we estimate the depth of G and we characterize
the possible Hilbert functions of G.
After this paper was completed, I came to know that Elias in [4] and Corso et al.
in [3] obtained results which partially overlap the content of the last section of this
paper.
1. Preliminaries
Let (A;M) be a local ring of dimension d and let I be an M-primary ideal. For all
n 0, I n=I n+1 is a nite A=I -module and we denote by (I n=I n+1) the correspondent
length.
The Hilbert function of I is by denition the Hilbert function of the associated
graded ring of I which is the homogeneous A=I -module
G := grI (A)=
M
n0
I n=I n+1:
Hence,
HI (n)=HG(n)= (I n=I n+1):
The generating function of this numerical function is the power series
PI (z)=
X
n2N
HI (n)zn;
which is called the Hilbert Series of I: This series is rational and there exists a poly-
nomial h(z)2Z[z] such that
PI (z)=
h(z)
(1− z)d ;
where h(1) 1:
The polynomial h(z)= h0 + h1z +   + hszs is called the h-polynomial of I and the
vector (h0; h1; : : : ; hs) the h-vector of I:
For every i 0; the Hilbert coecients of I can be characterized as follows:
ei(I) :=
h(i)(1)
i!
;
where h(i) denotes the ith derivative of h(z): In particular, e0(I)= h(1) := e(I) is the
multiplicity of I (see [2, Ch. 4]).
We recall that an element x in I is called supercial for I if there exists an integer
c>0 such that
(I n : x) \ I c= I n−1
for every n>c:
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It is easy to see that a supercial element x is not in I 2 and that x is supercial for
I if and only if x := x2 I=I 2 does not belong to the relevant associated primes of G:
Hence, if the residue eld is innite, supercial elements always exist. By passing, if
needed, to the local ring A[X ](M; X ) we may assume that the residue eld is innite.
Further, if depthA 1 every supercial element for I is also a regular element in A:
A sequence x1; : : : ; xr in the local ring (A;M) is called a supercial sequence for I;
if x1 is supercial for I and xi is supercial for I=(x1; : : : ; xi−1) for 2 i r:
If depthA r; every supercial sequence x1; : : : ; xr for I is also a regular sequence
in A:
The following well-known properties of the supercial sequences will be needed.
In particular if, J =(x1; : : : ; xr); I = I=J and B=A=J; then
 ei(I)= ei(I) for i=0; : : : ; d− r:
 depth(grI (A)) r, x1 ; : : : ; xr is a regular sequence in grI (A),PI (z)=PI (z)=(1−
z)r, I j \ J = JI j−1 for every j 1:
 depth(grI (A)) r + 1, depth(grI (B)) 1:
This last property is the so-called Sally's machine which is a very important trick
to reduce dimension in questions relating to depth properties of grI (A) (see Lemma
2.2 in [8]).
Moreover, if x is a supercial element for I , in [5, 6] it was proved that
ed(I)= ed(I=(x)), depth(grI (A)) 1:
If A is Cohen{Macaulay, we denote by J =(x1; : : : ; xd) the ideal generated by a
maximal supercial sequence and, for every j 0; we denote by vj the following
integer:
vj := (I j+1=JI j):
We recall that, if A is a one-dimensional Cohen{Macaulay local ring we have
HI (j)= e(I)− vj and then
e1(I)=
s−1X
j=0
vj;
e2(I)=
s−1X
j=1
jvj;
where s is the reduction number of I , such that the least integer n such that vn=0:
Similar formulas can be found in the two-dimensional case by using the following
construction due to Ratli and Rush (see [10]).
Let (A;M) be a Cohen{Macaulay local ring and I an M-primary ideal. For every
n we consider the chain of ideals
I n I n+1 : I  I n+2 : I 2    I n+k : I k    
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This chain stabilizes at an ideal which was denoted by Ratli and Rush as
eI n := [
k1
(I n+k : I k):
We dene for every n 0
n := (gI n+1=J eI n):
If dimA=2; the following formulas have been proved in [8, Corollary 4.13] by
using a homological approach and, with a dierent proof, in [6, Corollary 1.10],
e1(I)=
X
j0
j;
e2(I)=
X
j1
jj:
2. k-standard M-primary ideals
We recall that since we are assuming A to be Cohen{Macaulay of positive dimension
d, we can always nd a maximal supercial sequence x1; : : : ; xd for I:
Denition 2.1. Let (A;M) be a Cohen{Macaulay local ring of dimension d>0, k a
positive integer and I an M-primary ideal. We say that I is k-standard if there exists
an ideal J generated by a maximal supercial sequence such that
I n \ J = I n−1J 8n k:
In the following, if I is k-standard, we denote by J an ideal generated by a maximal
supercial sequence such that I n \ J = I n−1J 8n k:
Note that:
 If I is k-standard with k>1, then I is (k − 1)-standard.
 Every M-primary ideal I is 1-standard.
 If I is integrally closed, then I is 2-standard.
Let (A;M) be a Cohen{Macaulay local ring with embedding dimension N:
 If the initial degree indeg(A) := minfj: dimk(Mj=Mj+1)<
(N+j−1
j
g t; then M is
t-standard (see [14, Proposition 2.2]).
 If A is a stretched ring with Cohen{Macaulay type <N−d and multiplicity e=N−
d+ 3; then M is 3-standard (see [15]).
It is clear that if I is k-standard and I k+1 = JI k , then I n\J = JIn−1 for every integer
n and so G is Cohen{Macaulay.
If (I k+1=JI k)= 1; the following examples point out the dierent situations:
 A= k[[t4; t5; t11]]; I =M and J =(t4), (I 2=JI)= 1 and depthG=0:
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 A= k[[x; y; z; u]], I =(x2; y2; z2; u2; xy + zu) and J =(x2; y2; z2; u2), (I 2=JI)= 1 and
depthG=3:
 A= k[[t7; t10; t12; t15; t18]]; I =M and J =(t7); then I is 2-standard, (I3=JI 2)= 1
and in this case G is Cohen{Macaulay.
 A= k[[t7; t8; t12; t13; t18]]; I =M and J =(t7); I is 2-standard, (I 3=JI 2)= 1 and
depthG=0:
Let (A;M) be a Cohen{Macaulay local ring of dimension d, embedding dimension
N and multiplicity e. Sally proved that if e=N−d+2 (or equivalently (M2=JM)= 1)
the exceptions to the Cohen{Macaulayness of G come from the Cohen{Macaulay local
rings of maximal Cohen{Macaulay type (see [18]).
In order to extend this fact, we dene
(I) := (J : I=J )
and we call it the Cohen{Macaulay type of I .
Theorem 2.2. Let (A;M) be a d-dimensional Cohen{Macaulay local ring; k a positive
integer and I a k-standard M-primary ideal. Suppose (I k+1=JI k) 1 and (I)<
(I k =JI k−1)− 1; then
(1) G is Cohen{Macaulay,
(2) the h-polynomial of I is
h(z)=
kX
n=0
(I n=(I n+1 + JIn−1))zn + czk+1;
where c= (I k+1=JI k):
Proof. We have
JI k  I k+1 \ J  I k+1:
If JI k 6= I k+1 \ J; then I k+1 J and so I k  J : I . It follows (I) (I k + J=J )= (I k =J
I k−1): Then
JI k = I k+1 \ J:
If one proves
I k+2 = JI k+1
then G is Cohen{Macaulay since I n \ J = JIn−1 for every integer n:
We may suppose (I k+1=JI k)= 1: Then, there exist a2 I and b2 I k such that
I k+1 = JI k + (ab)
with abM JI k : In particular,
I k+2 = JI k+1 + aIk+1:
We have to prove aIk+1 JI k+1.
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First, we remark that
I k =(b) + (J : a) \ I k :
If x2 I k , then xa2 I k+1 = JI k+(ab). Hence, there exists c2A such that (x−cb)a2 JI k ,
in particular, x − cb2 (J : a) \ I k and the equality follows. We have
JI k−1 (J : I) \ I k  (J : a) \ I k  I k :
Since bM(J : a), we have (I k =(J : a) \ I k)= 1. Moreover, ((J : I) \ I k =JI k−1)=
((J : I) \ I k =J \ I k)= ((J : I) \ I k + J=J ) (I) (I k =JI k−1)− 2; then
(J : I) \ I k 6= (J : a) \ I k :
We nd an element p2 (J : a) \ I k , p =2 J : I: We can write
I k+1 = JI k + pI
and so
aIk+1 JI k+1 + apI  JI k+1;
as required. In particular, the h-polynomial of I coincides with that of its artinian
reduction. We only remark that (I n+J=I n+1+J )= (I n=I n+1+JIn−1) if n k; moreover
I k+2 J and so (I k+1 + J=I k+2 + J )= (I k+1=JI k)= c:
Actually one remarks that in the above theorem we get the same result with the
weaker assumption ((J : I) \ I k =JI k−1)<(I k =JI k−1)− 1:
Note that if A= k[[x; y; z; u]], I =(x2; y2; z2; u2; xy + zu) and J =(x2; y2; z2; u2); then
((J : I) \ I=J )= 5; while (I)= 10:
We recall that if (A;M) is a d-dimensional Cohen{Macaulay ring and I is an
M-primary ideal, then
e(I) (I=I 2) + (1− d)(A=I)
(see [21, Lemma 1]). If the equality holds, then I 2 = JI for every ideal J gener-
ated by a maximal supercial sequence and, in particular, G is Cohen{Macaulay. If
e(I)= (I=I 2) + (1− d)(A=I) + 1, then (I 2=JI)= 1 and G is not necessarily Cohen{
Macaulay. If we apply Theorem 2.2 with k =1, we get the following result.
Corollary 2.3. With the above notations; if e(I)= (I=I 2) + (1 − d)(A=I) + 1 and
(I)<e(I)− (A=I)− 1; then
(1) G is Cohen{Macaulay,
(2) the h-polynomial of I is
h(z)= (A=I) + ((I=I 2)− d(A=I))z + z2:
If I =M; the above result was proved by Sally in [18].
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Let (A;M) be a Cohen{Macaulay ring of dimension d, embedding dimension N and
multiplicity e. If indeg (A) t, then M is t-standard.
Moreover, if t 2, then (see [12])
e

N − d+ t − 1
t − 1

:
If the equality holds, then Mt = JMt−1 for every ideal J generated by a maximal
supercial sequence and in particular G is Cohen{Macaulay. Suppose e=
(N−d+t−1
t−1

+1;
then (Mt =JMt−1)= 1: If we apply Theorem 2.2 with I =M and k = t−1; we recover
the following result which was proved in [12].
Corollary 2.4. With the above assumptions; if e=
(N−d+t−1
t−1

+1 and (M)<
(N−d+t−2
t−1

;
then
(1) G is Cohen{Macaulay,
(2) the h-polynomial of I is
h(z)=
t−1X
i=0

N − d+ i − 1
i

zi + zt :
We now remark that, if A is Gorenstein and e=N − d + 2, then G is Gorenstein
(see [18]). If A is Gorenstein and e=N −d+3, then G is Cohen{Macaulay (see [17]
or for an extended version [15]).
We may conclude that, if A is Gorenstein and eN − d + 3; then G is Cohen{
Macaulay. If eN − d + 4 and A is Gorenstein, then G is not necessarily Cohen{
Macaulay. In fact, if we consider the Gorenstein ring A= k[[t6; t7; t15]] of multiplicity
e=6=N −d+4; then depthG=0 (see [17]) and the h-polynomial is h(z)= 1+2z+
z2 + z3 + z5: Note that (M3=JM2)= 2:
We can prove the following result.
Corollary 2.5. Let (A;M) be a Gorenstein local ring of dimension d; embedding
dimension N and multiplicity eN − d + 4: If (M3=JM2) 1; then G is Cohen{
Macaulay and the h-polynomial is
h(z)= 1 + (N − d)z + (e − N + d− 2)z2 + z3:
Proof. We may apply Theorem 2.2 with I =M and k =2: It is enough remark that
(M2=JM)= e − N + d− 1 3 and so (M)= 1<(M2=JM)− 1:
3. Depth of the associated graded ring
In this section we prove that if I a k-standard M-primary ideal and we assume
(I k+1=JI k) 1, then the associated graded ring has depth at least d − 1. We need
some more results on the k-standard M-primary ideals.
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Proposition 3.1. Let (A;M) be a two-dimensional Cohen{Macaulay local ring; k a
positive integer and I a k-standard M-primary ideal.
For all n=1; : : : ; k we have
(1) I n: x= I n−1 for every supercial element x in J ,
(2) n−1 − vn−1 = (eI n=JgI n−1 + I n):
Proof. Since I n \ J = JIn−1; the rst assertion is an easy fact. As for the second one,
we have
JgI n−1 JgI n−1 + I n eI n
hence,
(eI n=JgI n−1 + I n)= n−1 − (JgI n−1 + I n=JgI n−1)= n−1 − (I n=JgI n−1 \ I n):
Since
JIn−1 JgI n−1 \ I n I n \ J = JIn−1;
we get JIn−1 = JgI n−1 \ I n and the conclusion follows.
Theorem 3.2. Let (A;M) be a d-dimensional Cohen{Macaulay local ring; k a positive
integer and I a k-standard M-primary ideal. If we suppose (I k+1=JI k) 1; then
(1) depth(G)d− 1,
(2) the h-polynomial of I is
h(z)=
k−1X
n=0
(I n=I n+1 + JIn−1)zn + ((I k =JI k−1)− c)z k + cz s;
where c= (I k+1=JI k) and s k + 1: G is Cohen{Macaulay if and only if s= k + 1:
First, we recall that in the following we may assume (A;M) to be a d-dimensional
Cohen{Macaulay local ring, k a positive integer and I a k-standard M-primary ideal
with (I k+1=JI k)= 1:
With this assumption, we need the following easy facts.
Lemma 3.3. With the above assumptions; the following conditions hold:
(1) MI j+1 JI j for every j k:
(2) There exist w2 I and z 2 I k such that I j+1 = JI j + (zw j+1−k) for every j k.
(3) (I j+1=JI j) 1 for every j k.
Proof. One has
I k+1MI k+1 + JI k  JI k
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and also, if I k+1 =MI k+1 + JI k , by Nakayama I k+1 = JI k . Hence,
MI k+1 JI k
and the rst assertion follows by multiplication by I .
We pass to the second assertion.
Since (I k+1=JI k)= 1, there exists an element w2 I such that wIk = JI k . Then there
exists z 2 I k such that
I k+1 = JI k + (zw):
Now, I k+2 JI k+1+zwI  JI k+1+wIk+1 = JI k+1+(zw2) and so on. The third assertion
follows from (1) and (2).
We prove now a result in the one-dimensional case which will be used later. The
notations are those we introduced in the rst section. We only recall that s denotes the
reduction number of I , such that the least integer n for which vn= (I n+1=JI n)= 0.
Lemma 3.4. Let (A;M) be a Cohen{Macaulay local ring of dimension one; with the
above assumptions we have
e1(I)=
k−1X
n=0
vn + s− k
and the h-polynomial of I is
h(z)=
k−1X
n=0
(I n=I n+1 + JIn−1)zn + ((I k =JI k−1)− 1)z k + z s:
Proof. We recall that e1(I)=
Ps−1
j=0 vj and since the h-vector is the rst dierence of
the Hilbert function, we have h(z)= (A=I) +
Ps
n=1(vn−1 − vn)zn.
If n k − 1,
vn−1 − vn = ((I n+1 + J )=J )− ((I n + J )=J )
= ((I n + J )=(I n+1 + J ))= (I n=(I n+1 + JIn−1)):
It is enough to remark that, by Lemma 3.3(3), vk =    = vs−1 = 1.
We come back now to the general case of the Theorem.
First of all we have s= k + 1 if and only if h-vector of I coincides with that of its
artinian reduction. Hence, the last assertion on the Cohen{Macaulayness of G is clear.
If d 2, we let
B :=A=(x1; : : : ; xd−2)
and
C :=A=(x1; : : : ; xd−1);
where x1; : : : ; xd−1 is a supercial sequence in I .
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We have dim(C)= 1; dim(B)= 2; and all the assumptions of Theorem 3.2 are sta-
ble modulo a supercial sequence, that is if I is a k-standard primary ideal, also
I=(x1; : : : ; xd−2) and I=(x1; : : : ; xd−1) are k-standard primary ideals and the assumption
on the length is preserved.
Hence, if we can prove that the depth of the associated graded ring of I=(x1; : : : ; xd−2)
is positive then, by using Sally's machine, we get depth(G) 1 + d− 2=d− 1.
Henceforth, we may assume dim(A)=2; I a k-standard M-primary ideal with
(I k+1=JI k)= 1 and, by the above remark, we need to prove that depth(G) 1.
We let J =(x; y) be the ideal generated by a supercial sequence and R :=A=xA the
one-dimensional Cohen{Macaulay local ring.
As before, we denote by s the reduction exponent of I = I=(x).
If s k; then the associated graded ring of I is Cohen{Macaulay and, against by
Sally's machine, we may conclude that G is Cohen{Macaulay.
We will suppose s k + 1 and then (I j+1=yI j)= 1 for j= k; : : : ; s− 1.
In order to prove the theorem, we will need the following crucial results. We do not
insert here the proofs since they have been proved in a similar version in [13, 14].
Proposition 3.5. With the above notations the following conditions hold:
(1) (I j+1=JI j)= 1 for every j= k; : : : ; s− 1.
(2) I j+1: x= I j for every supercial element x in J and j=0; : : : ; s− 1.
(3) vj =1 for every j= k; : : : ; s− 1.
(4) e1(I)=
Pk−1
j=0 (I
j+1=JI j) + s− k:
(5) depth(G)>0, I s+1 = JI s:
Proposition 3.6. Let (A;M) be a local ring; I an M-primary ideal; p a positive
integer and J  I an ideal of A. For every integer n=1; : : : ; p suppose we are given
ideals
In=(a1n; : : : ; ann) eI n:
Assume gIp+1 = J eIp and for n=0; : : : ; p− 1;
gI n+1 = J eI n + In+1 + I n+1:
Let w2 I and set  := Ppi=1 i. Then there exists an element 2 JI −1 such that
for every n=1; : : : ; p and i=1; : : : ; n
wain   ainmod I +n:
We can nish now the proof of the theorem.
Theorem 3.7. Let (A;M) be a Cohen{Macaulay local ring of dimension two; k a
positive integer and I a k-standard M-primary ideal such that (I k+1=JI k)= 1. Then
(1) depth(G) 1,
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(2) The h-polynomial of I is
h(z)=
k−1X
n=0
(I n=I n+1 + JIn−1)zn + ((I k =JI k−1)− 1)z k + z s:
for some integer s k + 1.
Proof. For every n 1 we have (eI n=JgI n−1 + I n) n−1 = (eI n=JgI n−1) and equality
holds if and only if I n JgI n−1. Further, we can nd elements a1n; : : : ; ann 2 eI n such
that their residue classes modulo JgI n−1 + I n form a minimal system of generators of
the module eI n=JgI n−1 + I n. It is clear that we have
n (eI n=JgI n−1 + I n) n−1
and if I n= JgI n−1; then n<n−1.
If n k − 1; by Proposition 3.1, we can be more precise, namely
n n−1 − vn−1:
If we let In := (a1n; : : : ; ann), then In eI n and eI n= JgI n−1 + I n + In. Since eI = I + I1
we get eI 2 = JeI + I 2 + I2 = JI + I 2 + I2.
Going on in this way, we obtain for every r 1
eI r = rX
j=1
J r−jIj + I r :
Now, we recall that by Proposition 3.1, for every j k − 1, we have j  vj =
(I j+1=JI j); hence by Proposition 3.5
e1(I)=
k−1X
j=0
vj + s− k =
X
j0
j =
k−1X
j=0
j +
X
jk
j 
k−1X
j=0
vj +
X
jk
j:
It follows thatX
j k
j  s− k:
We distinguish two cases:
(i) k =    = s−1 = 1.
With this assumption the above inequality turns out to be an equality and this implies
j = vj for every j s− 1 and j =0 for j s.
Since by Proposition 3.5 we have I j+1: x= I j for every j s−1, we get (I j+1=yI j)
= (I j+1=JI j)= j for every j  s− 1. In particular,
(I j+1=yI j)= j
for every j 0.
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It follows
e2(I)=
X
j0
jj =
X
j0
j(I j+1=yI j)= e2(I)
and hence depth(G) 1.
(ii) There exists an integer j such that k  j s− 1; j 6= 1.
In this case we let p the least integer n s − 1 such that n=0 and we also let c
be the least integer n such that I n+1 JeI n.
We remark that we have k  cp s−1. In fact, I k = JI k−1 otherwise by the good
property of I , we get I k = JI k−1, which contradicts the assumption. Further, since
p=0; Ip+1gIp+1 = JgI k−1.
By the true denition of c with the above notations, we have for every j= k; : : : ; c
j<j−1
and for every j k j  j−1 − vj−1:
By Lemma 3.3, for every j k we can nd w2 I and z 2 I k such that I j+1 = JI j +
(zw j+1−k).
We get for every n=1; : : : ; p− 1
wIngI n+1 = n+1X
j=1
J n+1−jIj + I n+1
and
wIpgIp+1 = J eIp= pX
j=1
Jp+1−jIj + JIp
pX
j=1
Jp+1−jIj + Ip+1:
By applying the above Proposition with =
Pp
i=1 i, we can nd an element 2 JI −1,
such that for every i=1; : : : ; n
wain  ainmod I +n:
On the other hand, since I c+1 J eI c= Pcj=1 J c+1−jIj + JI c, we can write
zwc+1−k =
cX
j=1
jX
i=1
mijaij + b;
where mij 2 J c+1−j; b2 JI c. Using these facts, exactly as in the proof of Theorem 2.5
[13] we get
zw+c+1−k 2 JI +c
which, by Lemma 3.3(2), implies
I +c+1 = JI +c:
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We nally remark that
+ c=
pX
i=1
i + c
kX
i=1
(i−1 − vi−1) +
cX
i=k+1
(i−1 − 1) +
pX
i=k+1
i−1 + c

X
i0
i − (c − k) + c −
k−1X
i=0
vi= e1(I) + k − (e1(I)− s+ k)= s:
Hence,
I s+1 = JI s
and then depthG 1 by Proposition 3.5.
In particular, I n: x= I n−1 for every integer n, and the h-polynomial of I is the
h-polynomial of I=(x). We conclude by using Lemma 3.4.
It is well known that, if (A;M) is a d-dimensional Cohen{Macaulay ring and I is
an M-primary ideal, then e(I) (I=I2) + (1− d)(A=I) (see [21, Lemma 1]).
If the equality holds, then G is Cohen{Macaulay. Suppose e(I)= (I=I 2) +
(1− d)(A=I) + 1, then (I 2=JI)= 1.
In the case I =M, then depthGd− 1. The problem was open in the M-primary
case. If we apply Theorem 3.2 with k =1; we get the following result.
Corollary 3.8. Let (A;M) be a d-dimensional Cohen{Macaulay ring and I an
M-primary ideal. If e(I)= (I=I2) + (1− d)(A=I) + 1; then
(1) depth (G)d− 1,
(2) h(z)= (A=I) + ((I=I 2)− d(A=I))z + z s for some s 2.
If we apply Theorem 3.2 with k =2, we obtain the following result proved by
Huckaba [7], Theorem 2.6. We also characterize the Hilbert function.
Corollary 3.9. Let (A;M) be a d-dimensional Cohen{Macaulay ring and I an
M-primary ideal. Assume that J is an ideal generated by a maximal supercial
sequence for I such that I 2 \ J = JI and (I 3=JI 2) 1. Then
(1) depth(G)d− 1,
(2) The h-polynomial of I is
h(z)= (A=I) + ((I=I 2)− d(A=I))z + ((I 2=JI)− c)z2 + cz s;
where c= (I 3=JI 2) and s 3:
Let (A;M) be a Cohen{Macaulay ring of dimension d, embedding dimension N and
multiplicity e. If t is a positive integer and indeg(A) t, then M is t-standard. As we
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have already said, if t 2; then
e

N − d+ t − 1
t − 1

:
If the equality holds, then G is Cohen{Macaulay.
If e=
(N−d+t−1
t−1

+ 1, then (Mt =JMt−1)= 1. In [14, Theorem 3.1], it was proved
that depthGd− 1.
This result can be recovered if we apply Theorem 3.2 with k = t − 1.
Corollary 3.10. With the above notations; if e=
(N−d+t−1
t−1

+ 1; then
(1) depth (G)d− 1,
(2) The h-polynomial is
h(z)=
t−1X
i=0

N − d+ i − 1
i

zi + z s
for some s t.
If e=N−d+3 and the Cohen{Macaulay-type is (M)<N−d, in [15] it was proved
that (M3=JM2) 1 for every ideal J generated by a maximal supercial sequence,
then:
Corollary 3.11. With the above notations; if e=N − d+ 3 and (M)<N − d; then
depth(G)d− 1.
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